The formation of low-mass helium white dwarfs orbiting pulsars:
  Evolution of low-mass X-ray binaries below the bifurcation period by Istrate, Alina et al.
ar
X
iv
:1
41
0.
54
70
v1
  [
as
tro
-p
h.S
R]
  2
0 O
ct 
20
14
Astronomy & Astrophysics manuscript no. itl14 c© ESO 2018
October 8, 2018
The formation of low-mass helium white dwarfs orbiting pulsars:
Evolution of low-mass X-ray binaries below the bifurcation period
A. G. Istrate1 ,⋆, T. M Tauris1,2 and N. Langer1
1 Argelander-Institut fu¨r Astronomie, Universita¨t Bonn, Auf dem Hu¨gel 71, 53121 Bonn, Germany
2 Max-Planck-Institut fu¨r Radioastronomie, Auf dem Hu¨gel 69, 53121 Bonn, Germany
Received July 25, 2014; accepted September 9, 2014
ABSTRACT
Context. Millisecond pulsars (MSPs) are generally believed to be old neutron stars (NSs) that have been spun up to high rotation rates
via accretion of matter from a companion star in a low-mass X-ray binary (LMXB). This scenario has been strongly supported by
various pieces of observational evidence. However, many details of this recycling scenario remain to be understood.
Aims. Here we investigate binary evolution in close LMXBs to study the formation of radio MSPs with low-mass helium white dwarf
companions (He WDs) in tight binaries with orbital periods Porb ≃ 2 − 9 hr. In particular, we examine i) if the observed systems
can be reproduced by theoretical modelling using standard prescriptions of orbital angular momentum losses (i.e. with respect to the
nature and the strength of magnetic braking), ii) if our computations of the Roche-lobe detachments can match the observed orbital
periods, and iii) if the correlation between WD mass and orbital period (MWD, Porb) is valid for systems with Porb < 2 days.
Methods. Numerical calculations with a detailed stellar evolution code were used to trace the mass-transfer phase in ∼ 400 close
LMXB systems with different initial values of donor star mass, NS mass, orbital period, and the so-called γ-index of magnetic
braking. Subsequently, we followed the orbital and the interior evolution of the detached low-mass (proto) He WDs, including stages
with residual shell hydrogen burning.
Results. We find that severe fine-tuning is necessary to reproduce the observed MSPs in tight binaries with He WD companions of
mass < 0.20 M⊙, which suggests that something needs to be modified or is missing in the standard input physics of LMXB modelling.
Results from previous independent studies support this conclusion. We demonstrate that the theoretically calculated (MWD, Porb)–
relation is in general also valid for systems with Porb < 2 days, although with a large scatter in He WD masses between 0.15−0.20 M⊙.
The results of the thermal evolution of the (proto) He WDs are reported in a follow-up paper (Paper II).
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1. Introduction
Millisecond pulsars (MSPs) belong to a class of radio
pulsars characterized with high rotational spin rates and
low magnetic fields. Most of them are observed in bi-
nary systems and it is thought that they spin rapidly be-
cause of mass accretion from a companion star in a pro-
cess known as recycling (Bhattacharya & van den Heuvel 1991;
Tauris & van den Heuvel 2006). The first MSP was discovered
in 1982 (Alpar et al. 1982) and today 171 fully recycled MSPs1
are known in our Galaxy, of which 60 are found inside glob-
ular clusters and 111 are in the Galactic field. The orbital pe-
riods of binary MSP systems in the Galactic field range from
Porb = 93 min to 175 days, while the companion masses can be
as low as 0.02 M⊕ (tiny planets) or as high as ≈ 1.3 M⊙ (massive
white dwarfs).
MSPs in binaries can be subdivided into several classes
according to the nature of their companion which can be ei-
ther a degenerate or a non-degenerate object. Degenerate com-
panions include helium white dwarfs (He WDs) and carbon-
oxygen white dwarfs (CO WDs), while the non-degenerate
⋆ e-mail: aistrate@astro.uni-bonn.de
1 According to the ATNF Pulsar Catalogue (Manchester et al. 2005),
version 1.50 (June 2014). Here we define MSPs as pulsars with a spin
period, P < 20 ms. The typical measured value of the associated period-
derivative is ˙P < 10−18.
(or semi-degenerate) ones are often low-mass dwarf stars (or
brown-dwarf like remnants) which have suffered from signifi-
cant mass loss and ablation from the pulsar wind (cf. the so-
called black widow and redback systems in Roberts 2013 and
Chen et al. 2013. The progenitors of most MSP systems are
low-mass X-ray binaries (LMXBs), except for the MSPs with
the more massive CO/ONeMg WDs which are produced from
intermediate-mass X-ray binaries (IMXBs) – see Tauris (2011)
for a review. Pulsars with another neutron star (NS) compan-
ion are produced in high-mass X-ray binaries. Most NSs in all
flavours of binary pulsar systems are produced via supernovae
(SNe) of Type Ib/c, given that their progenitors must have lost
their hydrogen-rich envelopes via mass transfer in a relatively
close orbit prior to the explosion.
It has been shown by Pylyser & Savonije (1988, 1989) that
a critical initial orbital period (the so-called bifurcation pe-
riod, Pbif) exists at the onset of Roche-lobe overflow (RLO),
separating the formation of converging LMXBs from diverg-
ing LMXBs, which shorten and widen their orbits, respectively.
The theoretical estimated value of PRLObif is ∼ 1 day, but de-
pends strongly on the treatment of tidal interactions and the as-
sumed strength of magnetic braking which drains the system
of orbital angular momentum (e.g. van der Sluys et al. 2005a;
Ma & Li 2009). The observed MSPs with Porb > 1 day origi-
nate from relatively wide orbit LMXBs where the donor star did
not fill its Roche lobe until it had evolved and expanded to be-
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come a (sub)giant, i.e. Case B RLO (e.g. Rappaport et al. 1995;
Tauris & Savonije 1999; Podsiadlowski et al. 2002).
In this work, we concentrate on investigating the evolution-
ary path of MSPs with He WD companions in very narrow or-
bits. There are four such systems known which have orbital pe-
riods, Porb < 9 hr and WD masses of 0.13 < MWD/M⊙ <∼ 0.21.
Having low-mass companions and Porb < 1 day, these systems
thus descend from LMXBs in tight orbits where the donor star
already initiated RLO while it was still on the main sequence
(Case A RLO). As a result of their compact nature, these systems
emit gravitational wave radiation and eventually evolve to be-
come primary candidates for strong gravitational wave sources
to be detected by eLISA in the mHz frequency range (Nelemans
2009). In Section 2 we list the detailed observational properties
of the investigated systems. Our binary stellar evolution code is
introduced in Section 3, and the results of the numerical calcu-
lations for the LMXBs systems are presented in Section 4. In
Section 5 we discuss our findings with an emphasis on magnetic
braking and the (MWD, Porb)–relation. Our conclusions are given
in Section 6. In Paper II (Istrate et al. 2014) we explore the early
evolution of the detached (proto) He WDs.
2. Observational properties of MSPs with He WDs
in tight orbits
The observed properties of the binary MSPs on which we focus
our attention here are described below (see also Table 1).
PSR J0348+0432 is an interesting recycled pulsar with a rel-
atively slow spin period, P = 39.1 ms in a binary system with
an orbital period of Porb = 2.46 hr. Recently, Antoniadis et al.
(2013) found that this pulsar is the most massive, precisely mea-
sured NS known with a mass of MNS = 2.01 ± 0.04 M⊙, in orbit
with a He WD companion of mass MWD = 0.172 ± 0.003 M⊙.
The estimated cooling age of the WD is about τcool ∼ 2 Gyr.
(In an upcoming paper, Paper III, we present our analysis for the
formation of this system.)
PSR J0751+1807 is an MSP with P = 3.48 ms in a binary
system with a He WD companion and Porb = 6.31 hr. Nice et al.
(2008) estimated the masses of the pulsar and its companion to
be MNS = 1.26 ± 0.14 M⊙ and MWD ≃ 0.15 M⊙, respectively.
Optical and near-IR spectroscopy of the WD reveals that it has a
very low (ultra-cool) effective temperature Teff ≃ 3500−4300 K
(Bassa et al. 2006b). The cooling age of the WD is not well de-
termined since it depends critically on residual nuclear burning
in its (presumably) thick hydrogen-rich envelope. In addition, al-
though there are no signs of pulsar irradiation, heating from the
pulsar cannot be excluded.
PSR J1738+0333 is another one of the handful of MSPs
which have a He WD companion bright enough to make spec-
troscopic observations (Antoniadis et al. 2012). This system also
has a very short orbital period (8.51 hr) making it a perfect lab-
oratory for testing theories of gravity (Freire et al. 2012). The
mass of the companion is MWD = 0.181± 0.006 M⊙ and the NS
mass is constrained to be MNS = 1.47 ± 0.07 M⊙.
PSR J1816+4510 is an intriguing case. It is an eclipsing
MSP recently discovered by Stovall et al. (2014) who performed
a radio search of a Fermi γ-ray point source. The compan-
ion star to PSR J1816+4510 (Porb = 8.7 hr) was detected by
Kaplan et al. (2012, 2013) who measured an effective tempera-
ture of Teff = 16 000 ± 500 K and estimated a companion mass
of MWD sin3 i = 0.193 ± 0.012 M⊙, where i is the orbital in-
clination angle of the binary. Despite of its low surface gravity
(log g = 4.9 ± 0.3) they concluded that its spectrum is rather
similar to that of a low-mass He WD. For the mass of the NS
they estimated MNS sin3 i = 1.84 ± 0.11 M⊙. Assuming that
MNS ≤ 2.0 M⊙ (i.e. less than the highest precisely measured NS
mass known to date) this yields MWD ≤ 0.21 M⊙. As we discuss
in Section 4.5, however, based solely on its Porb, combined with
modelling of the orbital period evolution of LMXBs, we would
even expect MWD <∼ 0.18 M⊙. (See also Paper II for further dis-
cussions on the nature of this companion star.)
In addition to these four systems, there are a number of
MSPs with low-mass He WD companions and slightly larger
Porb = 9 − 15 hr. Five of these MSPs are found in globu-
lar clusters. Usually, binary MSPs observed in dense environ-
ments like globular clusters are excluded from comparison to
theoretical modelling of binaries because of the possibility that
the observed MSP companion was exchanged via an encounter
event. However, there are some MSPs found in globular clusters
which have very small eccentricities (e < 10−4, Paulo Freire,
priv. comm.). This we take as good evidence that the present
He WD companion is indeed the one which was the former
donor star in the LMXB phase, and thus responsible for recy-
cling the MSP. Therefore, we include these five MSPs in Table 1
as well.
Finally, we note that a number of low-mass He WDs (≤
0.20 M⊙) with Porb < 15 hr are also found in double WD
systems (e.g. Kaplan et al. 2014, and references therein). These
WDs often have a massive CO WD companion and evolved via
stable RLO in cataclysmic variable (CV) systems. Although the
structure and the properties of these low-mass He WDs are sim-
ilar to the ones with radio pulsar companions, we restrict our-
selves to the latter sources in this work (see, however, Paper II
for further discussions of these systems).
To summarize, the systems described above all have similar
properties: their Porb is very short (in the range of 2−15 hr), and
the He WD companions have typical masses of 0.14 − 0.18 M⊙.
Given these characteristics, in this work we explore their forma-
tion paths (with a special focus on the systems with Porb < 9 hr)
and discuss the underlying physical assumptions of the applied
standard modelling for loss of orbital angular momentum via
magnetic braking.
3. Numerical methods and physical assumptions
We consider as a starting point binary systems which
consist of a NS orbiting a low-mass main-sequence star.
Such systems are expected to have formed from zero-age
main sequence (ZAMS) binaries with a massive (∼ 10 −
25 M⊙) primary star and a low-mass (∼ 1 − 2 M⊙)
companion in a relatively close orbit, and which subse-
quently survived a common-envelope phase, followed by
a supernova explosion (Bhattacharya & van den Heuvel 1991;
Tauris & van den Heuvel 2006). Numerical calculations with a
detailed stellar evolution code were then used in this study to
trace the mass-transfer phase in roughly 400 close LMXB sys-
tems with different initial values of donor star mass, NS mass,
orbital period and the so-called γ-index of magnetic braking.
Subsequently, we followed the evolution of the low-mass (proto)
He WD, including stages with residual hydrogen shell burning.
We used the BEC-code which is a binary stellar evolution
code originally developed by Braun (1997) on the basis of a
single-star code (Langer 1998, and references therein). It is a
one-dimensional implicit Lagrangian code which solves the hy-
drodynamic form of the stellar structure and evolution equa-
tions (Kippenhahn & Weigert 1990). The evolution of the donor
2
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Table 1. Observed MSPs with He WD companions in tight circular orbits. The top four systems have Porb < 9 hr (i.e. solutions)
and are found in the Galactic field. The bottom six systems are intermediate systems with Porb = 9 − 15 hr, of which five systems
are located in globular clusters.
Pulsar name Porb MWD MNS eccentricity Pspin ˙P WD age Optical data
(hr) (M⊙) (M⊙) (ms) (s s−1) (Gyr) reference
PSR J0348+0432 2.46 0.17 2.01 2.6 × 10−6 39.1 2.41 × 10−19 2.1 ± 0.5 Antoniadis et al. (2013)
PSR J0751+1807 6.31 0.14 1.34 7.1 × 10−7 3.48 7.79 × 10−21 – Lundgren et al. (1995)
PSR J1738+0333 8.52 0.18 1.47 4.0 × 10−6 5.85 2.41 × 10−19 – Antoniadis et al. (2012)
PSR J1816+4510 8.66 0.21a 2.0a 8 × 10−6 3.19 4.31 × 10−20 – Kaplan et al. (2013)
PSR J0024−7204U 10.3 0.15b 1.5b < 10−4 4.34 – 0.6 Edmonds et al. (2001)
PSR J1748−2446M 10.6 0.17b 1.5b < 10−4 3.57 – –
PSR J1748−2446V 12.1 0.15b 1.5b < 10−4 2.07 – –
PSR J0024−7204Y 12.5 0.17b 1.5b < 10−4 2.20 – –
PSR J1641+3627D 14.2 0.22b 1.5b < 10−4 3.12 – –
PSR J1012+5307 14.5 0.16 1.64 < 8.4 × 10−7 5.26 1.71 × 10−20 – Callanan et al. (1998)
a This value is very uncertain. Kaplan et al. (2013) find MWD sin3 i = 0.193 ± 0.012 M⊙ and MNS sin3 i = 1.84 ± 0.11 M⊙, where i is the unknown
orbital inclination angle. Assuming MNS ≤ 2.0 M⊙ yields MWD ≤ 0.21 M⊙. From pulsar timing (Stovall et al. 2014) a strict lower limit on the
minimum companion mass is MWD = 0.16 M⊙ (assuming i = 90◦ and MNS = 1.4 M⊙).
b For these systems we estimated MWD by assuming MNS = 1.5 M⊙ and an orbital inclination angle of 60◦.
star, the mass-transfer rate, and the orbital separation are com-
puted simultaneously through an implicit coupling scheme (see
also Wellstein & Langer 1999) using the Roche-approximation
in the formulation of Eggleton (1983). To compute the mass-
transfer rate, the code uses the prescription of Ritter (1988).
It employs the radiative opacities of Iglesias & Rogers (1996),
which are interpolated in tables as a function of density, tem-
perature, and chemical element mass fractions, including car-
bon and oxygen. For the electron conduction opacity, the code
follows Hubbard & Lampe (1969) in the non-relativistic case,
and Canuto (1970) in the relativistic case. The stellar models are
computed using extended nuclear networks including the PP I,
II, and III chains and the four CNO-cycles. Chemical mixing due
to convection, semi-convection and overshooting is treated as a
diffusion process. Thermohaline mixing is also included in the
code (cf. Cantiello & Langer 2010), whereas gravitational set-
tling and radiative levitation is not. Finally, the accreting NS is
treated as a point mass.
A slightly updated version of this code for LMXBs and
IMXBs has recently been applied to study the formation of
MSPs (Tauris et al. 2011, 2012, 2013; Lazarus et al. 2013). In
our models we assumed a mixing-length parameter of α =
l/Hp = 2.0 and a core convective overshooting parameter of
δov = 0.10. Tauris et al. (2013) recently tested several models
of wide-orbit LMXB evolution using α = l/Hp = 1.5 which re-
sulted in only slightly smaller final WD masses (∼1%), orbiting
recycled pulsars in somewhat closer orbits (up to ∼3% decrease
in Porb). The magnetic braking was implemented as outlined be-
low.
3.1. Orbital angular momentum treatment
We considered the change in orbital angular momentum,
˙Jorb
Jorb
=
˙Jml
Jorb
+
˙Jgwr
Jorb
+
˙Jmb
Jorb
, (1)
with contributions from mass loss, gravitational wave radiation,
and magnetic braking, respectively.
3.1.1. Loss of orbital angular momentum due to mass loss
We solved the orbital angular momentum balance equation
(e.g. eqn. 20 in Tauris & van den Heuvel 2006) using the
isotropic re-emission model (Bhattacharya & van den Heuvel
1991; van den Heuvel 1994; Tauris 1996; Soberman et al. 1997).
In this model matter flows over from the donor star (M2) to the
accreting NS (MNS) in a conservative manner and thereafter a
certain fraction, β of this matter is ejected from the vicinity of
the NS with the specific orbital angular momentum of the NS.
Hence, one can express the loss of orbital angular momentum
due to mass loss as
dJml =
JNS
MNS
β dM2 =
µ
M2NS
Jorb β dM2 (2)
or
˙Jml
Jorb
=
µ
M2NS
β ˙M2 =
βq2
1 + q
˙M2
M2
, (3)
where µ = MNSM2/(MNS + M2) is the reduced mass, and q =
M2/MNS denotes the ratio between donor star mass and the mass
of the NS accretor. Keep in mind that a fraction 1−β of the matter
lost from the donor star is accreted onto the NS. The rate of wind
mass loss from the low-mass donor star is negligible compared
to the mass-loss rate via RLO.
3.1.2. Loss of orbital angular momentum due to gravitational
wave radiation
The second term on the right-hand side of Eq. (1) gives the loss
of orbital angular momentum due to gravitational wave radiation
(Landau & Lifshitz 1971),
˙Jgwr
Jorb
= −
32 G3
5 c5
M2 MNSM
a4
, (4)
where G is the gravitational constant, c is the speed of light
in vacuum, a is the orbital separation, and M = MNS + M2 is
3
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the total mass of the system. The validity of this mechanism
has been beautifully demonstrated in PSR 1913+16, which is
considered as an ideal gravity laboratory (e.g. Weisberg et al.
2010). For sufficiently narrow orbits the above equation be-
comes the dominant term in Eq. (1), causing a to decrease.
Gravitational wave radiation is the major force driving the mass
transfer in very narrow binaries, such as CVs (below the pe-
riod gap) and ultra-compact X-ray binaries (Faulkner 1971;
van Haaften et al. 2012). Therefore, the orbits of very narrow
LMXBs will tend to continuously shrink (i.e. converging sys-
tems) until a period minimum is reached, before hydrogen
burning is exhausted and the donor star becomes fully degen-
erate (Paczynski & Sienkiewicz 1981; Rappaport et al. 1982;
Nelson et al. 1986; Podsiadlowski et al. 2002; Lin et al. 2011).
At this point the donor star has a mass of typically M2 ≈
0.05−0.07 M⊙ and Porb ≈ 40−80 min. The subsequent evolution
causes the orbit to widen because of the extreme mass ratio be-
tween the small donor star mass and the accreting NS. According
to modelling of LMXBs (e.g. Benvenuto et al. 2012; Chen et al.
2013), the subsequent ablation of the donor star from the pul-
sar wind leads to the production of the so-called black widow
pulsars which have companion star masses of a few 0.01 M⊙
and Porb ≈ 2 − 10 hr (Fruchter et al. 1988; Stappers et al.
1996; Roberts 2013). These systems may eventually form pul-
sar planets (Wolszczan & Frail 1992) or become isolated MSPs
(Backer et al. 1982).
3.1.3. Loss of orbital angular momentum due to magnetic
braking
In synchronized binaries with low-mass stars (<∼ 1.5 M⊙), the
loss of spin angular momentum due to a magnetic wind occurs
at the expense of the orbital angular momentum (e.g., Mestel
1968; Verbunt & Zwaan 1981). However, a fundamental law of
angular momentum loss is unknown for rapidly rotating stars. To
compute the angular momentum loss due to magnetic braking,
we adopt the prescription of Rappaport et al. (1983),
˙JMB
Jorb
= −3.8 × 10−30 f R
4
⊙ (R2/R⊙)γ GM 2
a5 MNS
s−1 , (5)
where R2 is the radius of the donor star, f is scaling factor (of
the order of unity) and γ is the magnetic braking index. Here, we
have investigated the effect of systematically applying various
values of γ between 2 and 5. Larger values of γ seem to produce
too strong magnetic braking compared to observations of low-
mass stars in open clusters (cf. Section 5.1 where we discuss the
nature of the magnetic braking law).
The net effect of applying the above prescription for mag-
netic braking is that the orbital period of close binaries (Porb ≃
2 − 5 days) typically decreases by a factor of three (depend-
ing on γ) prior to the RLO, i.e. magnetic braking causes orbital
decay and forces the donor star to fill its Roche lobe and initi-
ate mass transfer already on the main sequence or early into the
Hertzsprung gap.
To optimize the analysis of our investigation and to enable
us to better interpret the results in a coherent manner, we have
simply assumed magnetic braking to operate in all our binaries
(which have donor star masses 1.1 ≤ M2/M⊙ ≤ 1.6) at all times
between the ZAMS and until the end of our calculations.
3.2. Mass accretion rate and accretion efficiency
The accretion rate onto the NS is assumed to be Eddington lim-
ited and is given by
˙MNS =
(
min
[
| ˙M2|, ˙MEdd
])
eacc kdef , (6)
where eacc is the fraction of matter transferred to the NS
which actually ends up being accreted and remains on the
NS, and kdef is a factor that expresses the ratio of gravita-
tional mass to rest mass of the accreted matter (depending on
the equation-of-state of supranuclear matter, kdef ≃ 0.85 −
0.90; e.g. Lattimer & Prakash 2007). The accretion efficiency
of MSPs formed in LMXBs has been shown to be about 30%
in several cases (Tauris & Savonije 1999; Jacoby et al. 2005;
Antoniadis et al. 2012; Tauris & van den Heuvel 2014), even in
close systems where the mass-transfer rate is expected to be sub-
Eddington (| ˙M2| < ˙MEdd) at all times. Hence, as a default value
we assumed a NS accretion efficiency of ǫ = eacc kdef = 0.30.
Accretion disk instabilities (e.g. van Paradijs 1996; Dubus et al.
2001; Coriat et al. 2012), which act to decrease the accretion ef-
ficiency in LMXBs, were not considered explicitly in this work,
but are assumed to be integrated in the somewhat low accretion
efficiency quoted above. Other mechanisms for inefficient accre-
tion include propeller effects (Illarionov & Sunyaev 1975) and
direct irradiation of the donor’s atmosphere by the pulsar (see
Section 5.3 for further discussions). We calculated the Eddington
mass-accretion rate using
˙MEdd = 2.3 × 10−8 M⊙ yr−1
(
MNS
M⊙
)−1/3 2
1 + X
, (7)
where X is the hydrogen mass fraction of the accreted material.
4. Results
4.1. Parameters of the model grid
In this work, we created a grid of models for LMXBs consisting
of different initial donor star masses and NS masses, as well as
for different values of the magnetic braking index, γ (see Fig. 1).
For each of these sets of parameters we tried a range of ini-
tial orbital periods, Porb in a systematic survey, yielding a total
of roughly 400 models. More specifically, we chose the initial
donor mass, M2 between 1.1 and 1.6 M⊙ (all with a metallicity of
Z = 0.02). The lower mass limit is chosen to ensure nuclear evo-
lution within a Hubble time. However, we find that M2 ≥ 1.2 M⊙
is often required for the stars to evolve through the LMXB phase
and settle on the WD cooling track within a Hubble time. The
upper mass limit is imposed by the requirement of a convective
envelope on the ZAMS, which is an assumption needed to op-
erate a magnetic wind. Although the 1.4 − 1.6 M⊙ donors are
borderline cases in this respect, we included them in our grid for
comparison with previous studies in the literature. For the NSs,
we applied initial masses of MNS = 1.2−1.9 M⊙. The initial Porb
were mainly chosen in the range of 2 to 4 days and do not follow
a uniform distribution. The reason for this is that we were inter-
ested in obtaining systems with certain properties which turned
out to be located around a specific initial Porb which is char-
acteristic for every studied configuration. To obtain this value
we used a bracketing method which resulted in a high density
of models around that specific initial Porb. The magnetic brak-
ing index γ was varied between 2 and 5 (but is constant for any
given LMXB calculation). As mentioned in Section 3.2, in most
cases we used a NS accretion efficiency parameter of ǫ = 0.3.
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Fig. 2. Orbital period evolution for LMXB systems with a donor mass of 1.4 M⊙, a NS mass of 1.3 M⊙ and a magnetic braking
index of γ = 5. The black circles represent the onset of RLO and the red stars show the end of the mass-transfer phase. The observed
MSP systems mainly investigated here, with low-mass He WD companions and Porb = 2 − 9 hr (cf. Table 1), are located within the
grey shaded region. The LMXB systems experience a second RLO and evolve into ultra-compact X-ray binaries in very tight orbits.
Fig. 1. Grid of initial parameters for the studied LMXB config-
urations, yielding a total of more than 400 models. The colours
correspond to different donor star masses (M2), and the various
symbols indicate different values of the magnetic braking index,
γ. See text for further details.
However, for 1.5 M⊙ donors we also studied the influence of ap-
plying different values in the range ǫ = 0.1 − 0.9. Although this
entire parameter space of variables is large, the resulting systems
do show similarities in the evolution as discussed below.
4.2. Orbital evolution, mass transfer and stellar structure
The final Porb of a given LMXB is a result of the interplay be-
tween mass transfer, magnetic braking and gravitational wave ra-
diation. It strongly depends on the initial Porb which determines
the strength of orbital angular momentum losses and at which
point in the nuclear evolution the donor star initiates RLO.
Pylyser & Savonije (1988) classified the orbital evolution of
an LMXB system with respect to the final Porb as: (i) converg-
ing, if P final
orb < P
initial
orb , or (ii) diverging, if P finalorb > P initialorb . Here,
we redefine converging systems as those tight binaries where the
donor star never detaches to form a He WD. As mentioned previ-
ously, we are interested in finding those systems that have a final
Porb between 2 − 9 hr and which have terminated their mass-
transfer phase yielding a (proto) He WD remnant with a mass
< 0.20 M⊙ (cf. Table 1). The systems that fulfil these conditions
are hereafter called solutions. Finally, we define the intermedi-
ate systems as those systems which detach from RLO to form a
He WD with 9 hr < P final
orb < P
initial
orb .
Fig. 2 shows the variety in orbital period evolution for an ini-
tial configuration with M2 = 1.4 M⊙ (Z = 0.02), MNS = 1.3 M⊙,
γ = 5 and Porb = 2.6 − 5.0 days. Highlighted with differ-
ent colours are one example for each of the aforementioned
classes of the outcome of LMXB evolution: converging, solu-
tion, intermediate and diverging. For clarity, we have omitted the
markings of the temporary detachment of the diverging systems
caused by the encounter of a slight chemical discontinuity at the
outer boundary of the hydrogen burning shell (Tauris & Savonije
1999; D’Antona et al. 2006). The converging systems never
detach, but keep evolving towards the minimum orbital pe-
riod, Pmin ≈ 10 − 85 min (Paczynski & Sienkiewicz 1981;
Rappaport et al. 1982; Fedorova & Ergma 1989; Ergma & Sarna
1996; Podsiadlowski et al. 2002; van der Sluys et al. 2005a). As
a result of numerical issues the evolution of the converging sys-
tems was ended before reaching Pmin. At this point they have
masses < 0.13 M⊙ and yet a significant hydrogen content – even
in their cores – and very small nuclear burning rates (cf. Figs. 4,
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Fig. 3. Mass-transfer rate versus decreasing donor star mass for
the four systems highlighted in Fig. 2. The larger the initial
Porb, the higher the mass-transfer rate and the shorter the RLO
episode will be. The converging system does not detach at all.
The system resulting in a solution eventually evolves into an
ultra-compact X-ray binary (UCXB) when the He WD fills its
Roche lobe.
Fig. 5. Helium abundance profiles of the donor stars in Fig. 2 at
the time of RLO detachment (diverging, intermediate and solu-
tion) or at the end of our calculations (converging).
5, and 11). Hence, these systems will not detach and produce a
He WD within several Hubble times (if ever).
As demonstrated in the literature (Tutukov et al. 1987;
Pylyser & Savonije 1988, 1989; Ergma & Sarna 1996;
Podsiadlowski et al. 2002; van der Sluys et al. 2005a; Ma & Li
2009), an orbital bifurcation period (Pbif) exists which separates
the evolution of converging2 and diverging systems. With re-
spect to the initial Porb on the ZAMS we find PZAMSbif ≃ 4.0 days.
As a result of magnetic braking the orbit shrinks during
the main-sequence evolution of the donor star prior to mass
transfer. Thus the bifurcation period at the onset of RLO is
PRLObif ≃ 1.2 days (Fig. 2). If we apply other values of M2, MNS,
γ or metallicity, the qualitative picture remains intact but the
value of PZAMSbif changes between ≃ 2.2 − 4.5 days.
2 Here meaning converging, solutions and intermediate systems.
Fig. 6. Final Porb versus initial Porb for all binaries investigated
with M2 = 1.4 M⊙, MNS = 1.3 M⊙ and a magnetic braking
index of γ = 5 (cf. Fig. 2). The arrows at the bottom indicate
the initial Porb of the four highlighted systems. Circles represent
solutions, i.e. systems which detached while situated inside the
grey shaded region that marks the location of the observed MSP
systems with Porb = 2 − 9 hr. The values of initial Porb for these
systems are confined to an extremely narrow interval (the orbital
period fine-tuning problem, cf. Section 4.2.1). Open stars repre-
sent converging systems (which do not detach) and for which we
ended our evolutionary calculations before reaching Pmin. The
vertical dotted lines represent Pdetach, PUCXB, and Pbif – see text.
Fig. 3 shows the RLO mass-transfer rate, | ˙M2| as a function
of decreasing donor mass, M2 for the four examples highlighted
in Fig. 2. At first sight these rates are quite similar. From a closer
look, however, it is seen that the wider systems have higher val-
ues of | ˙M2| (and shorter durations of RLO), as expected from an
evolutionary point of view (e.g. Tauris & Savonije 1999). And
more importantly, the final fates of these four LMXB systems
are quite different.
Changing the initial Porb between 2.6 − 4.5 days means that
the systems will gradually shift from undergoing Case A (on-
set of RLO on the main sequence) to early Case B RLO (onset
of RLO in the Hertzsprung-gap), as shown in Fig. 4. The con-
verging systems start RLO relatively early when there is still
a significant amount of hydrogen left in the core of the donor
star. In these systems, the mass transfer is driven by a reduction
in the orbital separation due to loss of orbital angular momen-
tum (initially caused by magnetic braking, later dominated by
gravitational wave radiation). The intermediate systems are in a
transition between mass transfer driven by loss of orbital angu-
lar momentum and mass transfer driven by nuclear evolution and
expansion of the donor star (the diverging systems).
The final helium abundance profiles of the donor stars are
shown in Fig. 5. The thickness of the hydrogen-rich envelopes
of these detached (proto) He WDs is very important for their
subsequent thermal evolution (see Paper II).
In Fig. 6 we plot the final Porb (”final” refers to our last cal-
culated model) versus the initial Porb for the same systems as in
Fig. 2. The vertical dotted lines denote Pdetach, PUCXB, and Pbif .
We define Pdetach as the minimum initial Porb leading to a de-
tached He WD companion, and PUCXB as the maximum initial
Porb leading to a system which becomes an ultra compact X-ray
binary (UCXB) within a Hubble time (i.e. a detached system
6
Istrate, Tauris & Langer: Evolution of LMXBs below the bifurcation period
converging solution
intermediate
diverging
Fig. 4. The Kippenhahn diagram of a converging (top left), solution (top right), intermediate (bottom left) and diverging (bottom
right) LMXB system, respectively. In all cases we used M2 = 1.4 M⊙, MNS = 1.3 MNS, γ = 5 and applied initial Porb = 2.6, 3.4,
3.45 and 4.2 days, respectively. These four systems are identical to the examples highlighted in Fig. 2. In the converging system
the donor star experiences Case A RLO; for the solution and intermediate systems the mass transfer is either late Case A or early
Case B RLO, while the diverging systems undergo Case B RLO. The plots show cross-sections of the stars in mass-coordinates
from the centre to the surface of the star, along the y-axis, as a function of stellar age on the x-axis. For clarity, we only show the
evolution up to a stellar age of 5.35 Gyr in the first three panels. The duration of the LMXB-phase is: ”∞” (no detachment), 4.0 Gyr,
2.9 Gyr and 0.6 Gyr, respectively. The green hatched areas denote zones with convection (according to the Schwarzschild criterion),
initially in the core and later in the envelope of the donor stars. The intensity of the blue color indicates the net energy-production
rate; the hydrogen burning shell is clearly seen in the case of the solution, intermediate and diverging systems at m/M⊙ ≃ 0.2.
which, as a result of gravitational wave radiation, is driven into
a very tight orbit with a second RLO from the He WD). All the
systems on the left side of Pdetach are on their way to Pmin.
4.2.1. The orbital period fine-tuning problem
Fig. 6 illustrates two important characteristics of our close-orbit
LMXB modelling: (i) how sensitive the outcome is to the ini-
tial Porb; (ii) the systems we refer to as solutions are produced
within a very narrow interval of initial Porb = 3.39 − 3.43 days
which corresponds to onset of RLO near Porb ≈ 19.2 − 19.4 hr.
The solutions produced in this study all start inside (or slightly
beyond) the narrow interval of initial Porb between Pdetach and
PUCXB. Those solutions with initial Porb > PUCXB are the sys-
tems which, after detachment, do not evolve into UCXBs within
a Hubble time. The width of the initial (ZAMS) range of Porb
which allows for a solution is thus only ∼1% in Porb.
This is a puzzling result given that a fair fraction of observed
MSPs are found with He WDs and Porb = 2 − 9 hr. We shall
refer to this problem as the orbital period fine-tuning problem of
LMXBs and discuss it further below, as well as in Section 5.2.
Outside this narrow range in initial Porb, the LMXB systems al-
ways evolve to become converging, intermediate or diverging
systems.
In Fig. 7 we show the observed orbital period distribution
of recycled pulsars with He WD companions (i.e. post-LMXB
systems) in the Galactic field. Out of 35 systems with Porb <
10 days, 4 systems have Porb < 9 hr. Assuming these 4 systems
(resembling the solutions from our modelling) are indeed pro-
duced from LMXBs with an initial Porb between 3.39−3.43 days
(i.e. corresponding to the lower ∼4% of the full interval of initial
Porb, roughly between 3.4 − 4.4 days, which lead to formation
of MSPs with He WDs and final Porb < 10 days, see Fig. 6),
we can estimate the probability for this outcome being a chance
coincidence. In that case, the other 31 systems are produced for
initial Porb = 3.43−4.4 days (∼96% of the interval of initial Porb
producing MSPs with final Porb < 10 days). If the pre-LMXB
distribution of Porb, following the SN explosion that created the
NS, is approximately flat between∼3.4−4.4 days, then the prob-
ability for producing at least 4 out of 35 MSPs with Porb < 9 hr is
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Fig. 7. Distribution of orbital periods for all observed recycled
pulsars (MSPs) with He WD companions in the Galactic field.
In total there are 35 systems with Porb < 10 days; four of these
are the solutions (Porb < 9 hr) marked with orange. Data from
the ATNF Pulsar Catalogue Manchester et al. (2005) – version
1.50, July 2014. The red dashed line shows the distribution of
systems that would be expected from our calculations using stan-
dard input physics (i.e. using the results presented in Fig. 6), thus
illustrating the orbital period fine-tuning problem.
about 1:20, i.e. corresponding to not being a chance coincidence
at the 95% confidence level.
We calculated this probability analytically using the bino-
mial cumulative distribution function.
Actually, the problem is even worse given that a certain frac-
tion of the systems formed with Porb ≃ 2 − 9 hr will merge
because of gravitational wave radiation and thus not be observ-
able for as long time as the MSPs with larger Porb. (The ex-
pected radio lifetimes of MSPs are many Gyr and are indepen-
dent of Porb.) Hence, more than 4 systems are most likely to have
formed as solutions for every 31 systems produced with Porb
between 9 hr and 10 days. As an example, PSR J0348+0432
(Porb = 2.46 hr, cf. Table 1) has a merger timescale of only
∼ 400 Myr (Antoniadis et al. 2013). Additionally, there are ob-
servational selection effects against finding accelerated pulsed
signals in very close binaries (Johnston & Kulkarni 1991), al-
though modern day acceleration search software and increased
computer power have somewhat alleviated this problem.
The discrepancy between observational data and our calcula-
tions is further illustrated by the red dashed line in Fig. 7 which
shows the rough distribution of systems expected from mod-
elling with standard input physics (assuming again a flat distri-
bution of initial Porb between ∼3.4 − 4.4 days.)
The statistics depends, of course, on how the exact subsam-
ples are chosen. However, the above example was calculated for
the most conservative case using the result of calculated models
with γ = 5 (M2 = 1.4 M⊙). As we demonstrate below, the re-
quired fine-tuning is much worse (> 99.99% C.L.) for smaller
values of γ. Therefore, there is no doubt that this severe fine-
tuning has its basis in the input physics currently adopted in
standard LMXB modelling. Something seems to be missing or
must be modified – some mechanism that funnels more LMXBs
to end up as MSPs with detached He WDs and Porb < 9 hr.
4.3. Magnetic braking and the influence of the γ-index
As discussed previously, the magnetic braking law is not well
known. For this reason we investigated how the general be-
haviour of LMXBs in close orbits changes with different values
of γ. In Fig. 8 is shown the difference in orbital period evolution
Fig. 8. Influence of the magnetic braking index, γ on the orbital
evolution of an LMXB system with M2 = 1.2 M⊙, MNS =
1.3 M⊙ and initial Porb = 2.8 days. Plotted is Porb as a func-
tion of age of the donor star. None of these models produce a
solution (i.e. detachment within the grey shaded region). Instead
the outcome is two diverging and two converging systems.
for an initial LMXB with M2 = 1.4 M⊙, MNS = 1.3 M⊙ and
Porb = 2.8 days, for four different values of γ: 2, 3, 4 and 5.
One can see that the higher the γ-index, the stronger is the loss
of orbital angular momentum due to magnetic braking. This sit-
uation is reversed once the donor radius decreases below 1 R⊙
(cf. Eq. 5). However, at that point the orbital evolution is mainly
dominated by mass loss.
The main consequence of varying the γ-index is that Pdetach,
PUCXB and Pbif have smaller values for smaller γ, but the gen-
eral orbital behaviour is similar. However, the final fate of the
LMXBs is seen to be quite a sensitive function of γ, and the or-
bital period fine-tuning problem gets worse for γ < 5. For exam-
ple, in Fig. 9 we demonstrate that for γ = 2 the resulting width of
the interval of initial Porb leading to an observed solution is less
than 2 min (< 0.05% in Porb). This translates the significance
of the orbital period fine-tuning problem to > 99.99% C.L. In
Fig. 10 we have demonstrated how the orbital period fine-tuning
problem systematically exacerbates with lower values of γ.
In the literature, some authors (e.g. Podsiadlowski et al.
2002; van der Sluys et al. 2005a) reduced the magnetic braking
by an ad-hoc factor related to the size of the convective enve-
lope, or turned it off when the donor became fully convective.
We note here that with our code we did not produce any donors
that became fully convective. In Section 5.1 we discuss the mag-
netic braking law and compare our results with previous work in
the literature.
4.4. Evolution in the HR-diagram and hydrogen shell flashes
Fig. 11 shows the evolution in the Hertzsprung-Russell diagram
of the donor stars for all the systems in Fig. 2. The systems that
start mass transfer during hydrogen core burning (converging
Case A RLO systems) closely follow an evolution studied in de-
tail by Pylyser & Savonije (1989). These stars evolve along an
almost straight line (following the ZAMS, with smaller radii as
they lose mass) down towards very low temperatures and very
low luminosities, until the donor star almost becomes fully con-
vective and approaches the Hayashi-track. Subsequently, the lu-
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Fig. 11. Evolutionary tracks in the HR-diagram for the systems shown in Fig. 2. The small square on the ZAMS near
(log Teff, log(L/L⊙)) = (3.8, 0.5) marks the beginning of the evolution for all systems.
Fig. 9. Orbital period evolution for all LMXB systems investi-
gated with M2 = 1.4 M⊙, MNS = 1.3 M⊙ and a magnetic brak-
ing index of γ = 2. The first detached system (A) has an initial
Porb = 2.148 days while the widest of the converging systems in-
vestigated (B) has an initial Porb = 2.147 days. Whereas system
A leads to an intermediate system (with a final Porb > 9 hr),
system B does not detach but keeps evolving towards Pmin.
Therefore, the observed solutions (i.e. RLO detachment and for-
mation of an MSP and a He WD with Porb = 2 − 9 hr) would
require a fine-tuning of the initial Porb to be in a narrow range of
less than 2 min. For larger values of γ the situation is less severe
(Fig. 2) but still a serious problem, see Sections 4.2.1, 4.3 and
5.2.
minosity is seen to decrease relatively rapidly because of fading
nuclear burning and increasing degeneracy. The systems that fill
their Roche lobe close to the core contraction phase or later, such
Fig. 10. The calculated Porb at Roche-lobe detachment as a func-
tion of initial Porb, plotted for different values of the magnetic
braking index, γ. It is seen how the orbital period fine-tuning
problem becomes worse for smaller values of γ, see text for dis-
cussions.
as the solutions, the intermediate and the diverging systems, first
evolve towards low effective temperatures and low luminosities
until, because of ignition of hydrogen shell burning, they turn to-
wards higher temperatures and – for the diverging systems with
(sub)giant donors – higher luminosities. The more evolved the
donor star is towards the red-giant branch (RGB) when it ini-
tiates mass transfer (i.e. the more massive its core mass), the
higher the luminosity will be when the star finally evolves to-
wards the WD cooling track.
To get a better overview of the correspondence between the
evolutionary status of the donor star at the onset of RLO and the
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Fig. 12. HR-diagram for the evolution of a 1.4 M⊙ star (Z =
0.02). Along the evolutionary track (starting from the ZAMS
marked by a square) is shown the points where such a donor
star would initiate RLO to a 1.3 M⊙ NS. The black circles repre-
sent the beginning of mass transfer for a system with initial Porb
of 2.6 (A), 3.38 (B), 3.42 (C), 3.6 (D), 4.0 (E) and 7.0 days (F),
respectively. The interval between the points E and F denote an
epoch where the donor star experiences hydrogen shell flashes
after the end of the mass-transfer phase.
final fate of the LMXB, we show in Fig. 12 a zoom-in along the
evolutionary track in the HR-diagram of a 1.4 M⊙ star, from the
ZAMS to the point where mass transfer is initiated to a 1.3 M⊙
NS companion with various values of initial Porb. The marked
points indicate a sequence of cases where the evolutionary sta-
tus of the donor star at the onset of RLO is somewhere between
the middle of the main sequence (A) and all the way up to the
point (F) where the donor star has ascended on the RGB. The
systems leading to solutions initiate mass transfer in a very nar-
row epoch between points B and C, when the donor star leaves
the main sequence and starts the contraction phase. The converg-
ing systems initiate mass transfer between points A and B, while
the intermediate and diverging systems start mass transfer after
points C and D, respectively.
One can see from Fig. 11 that there is a region in which
the donor stars experience one or several hydrogen shell flashes.
The intensity of the flashes is gradually increasing with the ini-
tial Porb. In the literature, the mass interval in which a proto-
WD experiences hydrogen flashes is roughly between 0.2 −
0.4 M⊙ (Driebe et al. 1998; Sarna et al. 2000; Althaus et al.
2001; Serenelli et al. 2002; Nelson et al. 2004; Panei et al. 2007;
Althaus et al. 2013), depending on metallicity and input physics
(primarily in treatment of diffusion). Donor stars which initi-
ate RLO in the interval between points E and F in Fig. 12
will experience hydrogen shell flashes after the mass-transfer
phase. Some of these flashes may cause additional RLO of small
amounts of material (∼ 5 × 10−4 M⊙). A more complete discus-
sion on the observed flashes in our models, and thermal evolu-
tion of (proto) WDs in particular, can be found in Paper II.
4.5. The (MWD, Porb)–relation for tight orbits
For low-mass stars (< 2.3 M⊙) on the RGB, there is a
well-known relationship between the mass of the degener-
ate helium core and the radius of the giant star – almost
entirely independent of the mass present in the hydrogen-
rich envelope (Refsdal & Weigert 1971; Webbink et al. 1983).
This relationship is very important for the formation of bi-
nary MSPs because it results in a unique relation between
their orbital period (Porb) and WD mass (MWD) following the
LMXB mass-transfer phase (Savonije 1987; Joss et al. 1987;
Rappaport et al. 1995; Tauris & Savonije 1999; Nelson et al.
2004; De Vito & Benvenuto 2010; Shao & Li 2012). The masses
of the He WD companions are expected to be between 0.13 <
MWD/M⊙ < 0.46. The predicted correlation between MWD
and Porb has previously been somewhat difficult to verify ob-
servationally since few MSPs had accurately measured masses
of their companion star. However, over the past decade the
correlation has been confirmed from mass measurements ob-
tained from e.g. pulsar timing (Shapiro delay) or optical obser-
vations of He WD companions (e.g. van Kerkwijk et al. 2005),
see Tauris & van den Heuvel (2014) for a recent comparison of
theory and data.
As a consequence of loss of orbital angular momentum due
to magnetic braking, LMXB systems with initial Porb . Pbif are
expected to end up as close-binary MSPs with Porb as short as
a few hours (Section 3.1.3). Therefore, because of the still un-
known strength of magnetic braking, the (MWD, Porb)–relation
has always been considered less trustworthy for binary pulsars
with Porb . 2 day (where He WDs have masses < 0.20 M⊙).
In Fig. 13 we have plotted the final Porb versus MWD for
all our detached systems. For comparison we have plotted the
theoretical (MWD, Porb)–relation following Tauris & Savonije
(1999), hereafter TS99. Whereas this relation is expected out to
Porb ≃ 1000 days for He WDs (at which point the core mass
exceeds ∼ 0.46 M⊙ and He is ignited, leading to a continua-
tion of the correlation for higher mass CO WDs produced in
LMXBs), Fig. 13 only shows the lower left part of the full dia-
gram. The analytical expression of TS99 was derived for Porb >∼
1 day. However, as noted, for example, by van Kerkwijk et al.
(2005), Bassa et al. (2006a), Antoniadis et al. (2012) and
Corongiu et al. (2012), even for Porb < 1 day there is
apparently a fairly good agreement between the measured
masses of He WDs and those expected from the theoretical
(MWD, Porb)–relation. Examples of observational data include:
PSR J1738+0333 (Antoniadis et al. 2012), PSR J1910-5959A
(Corongiu et al. 2012), PSR J1012+5307 (Lazaridis et al. 2009),
PSR J0348+0432 (Antoniadis et al. 2013), PSR J0751+1807
(Nice et al. 2008)3; as well as low-mass He WD companions to
non-degenerate stars (e.g. van Kerkwijk et al. 2010; Breton et al.
2012; Maxted et al. 2014).
At first sight, PSR J0348+0432 may seem to be have an
observed Porb (2.46 hr) a bit below the expected theoretical
value. However, one must keep in mind the effect of gravita-
tional wave radiation following the detachment of the binary.
Antoniadis et al. (2013) estimated a cooling age for this WD of
about 2 Gyr, meaning that Porb ≃ 5 hr at the moment of Roche
lobe detachment (a factor two larger than its present value). See
also Fig. 2 for the effect of gravitational wave radiation from the
detached binaries (solutions). In addition, low metallicity stars
have smaller radii which leads to smaller values of final Porb for
the He WDs (see also Jia & Li 2014, for a recent investigation
of this effect in close-orbit systems).
To summarize, for final Porb less than a few days, our LMXB
modelling demonstrates, as expected, a significant spread in the
3 A more recent He WD mass constraint for PSR J0751+1807 is
MWD = 0.138±0.006 M⊙ (95% confidence level, D. Nice, priv.comm.).
This value is used in Fig. 13 and Table 1.
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Fig. 13. The (MWD, Porb)–diagram for all the studied LMXB systems which produced a detached He WD. The initial parameters
were chosen from: M2 = 1.2 − 1.6 M⊙, MNS = 1.3 − 1.9 M⊙, γ = 2 − 5, and ǫ = 0.1 − 0.9. The thick curve (TS99) represents
the analytical expression given in Tauris & Savonije (1999) for Z = 0.02 (which was derived only for Porb >∼ 1 day, but here for
illustration extended down to smaller values of Porb). The green diamonds represent observed MSP systems with He WDs and
Porb < 15 hr (i.e. similar to the solutions and partly the intermediate systems of our modelling). The region where the analytical
expression is uncertain is for Porb < 2 days (and MWD <∼ 0.20 M⊙). Although our calculations show a larger spread of the systems
in this region the modelling of this correlation is still surprisingly robust – see text.
.
distribution of systems with respect to an extension of the rela-
tion of TS99. The deviations seem to be semi-systematic, in the
sense that all models have smaller values of MWD compared to
the extrapolation of TS99, and there is a clear division of tracks
depending on the original mass of the donor star, M2. However,
interestingly enough the order of these tracks does not follow
a monotonic change in M2. Nevertheless, the modelling of the
correlation between MWD and Porb remains surprisingly robust
for tight orbits, albeit with larger scatter. Given this large scatter
(for example, we find that Porb can vary by a factor of four for
MWD ≃ 0.16 M⊙, cf. Fig. 13) it is somewhat meaningless to pro-
vide an exact analytical fit for Porb < 2 days. In this study, we
only modelled systems with a metallicity Z = 0.02. Accounting
for stars with other metallicities (e.g. TS99; Jia & Li 2014), we
therefore expect a broader scatter of He WD masses between
0.14 − 0.20 M⊙ for the systems with Porb < 2 days.
4.5.1. Minimum mass of a He WD
From theoretical work, it is expected that degenerate He WDs
have masses of at least 0.13 M⊙ (Scho¨nberg & Chandrasekhar
1942; Tutukov et al. 1987). Indeed, we find that all our calcu-
lated He WDs have masses MWD ≥ 0.15 M⊙. Donor stars in
converging LMXBs with smaller semi-degenerate cores have
relatively thick hydrogen-rich envelopes. Therefore these stars
remain hydrogen rich and bloated which prevents them from
terminating their mass-transfer process and forming a detached
He WD. Such donors, which often suffer from ablation via the
pulsar wind, can have their masses reduced significantly, leading
to black-widow type eclipsing MSP systems which have typical
companion masses of a few 0.01 M⊙ (Roberts 2013; Chen et al.
2013), or even complete evaporation and formation of an iso-
lated MSP; in some cases possibly surrounded by an asteroid
belt (Shannon et al. 2013).
5. Discussion
5.1. The magnetic braking law
The loss of orbital angular momentum by magnetic braking is
an uncertain aspect of LMXB evolution in close systems. For
many years it has been thought that the magnetic field has to
be anchored in underlying radiative layers of a star (Parker
1955). However, more recent observations and theoretical calcu-
lations question this hypothesis (e.g. Dorch & Nordlund 2001;
Barnes 2003; Barnes & Kim 2010; Hussain 2011), and suggest
that even fully convective stars may still operate a significant
magnetic field – a conclusion which also has important conse-
quences for the explanation of the observed period gap in CVs
(Spruit & Ritter 1983; Knigge et al. 2011).
In addition, it is possible that the stellar activity necessary
for magnetic braking to operate may saturate for rotation periods
shorter than a few days (Rucinski 1983; Vilhu & Walter 1987).
This would lead to a much flatter dependence of the angular mo-
mentum loss rate on the angular velocity ( ˙JMB ∝ Ω1.2) than
is given by the Skumanich-law ( ˙JMB ∝ Ω3, Skumanich 1972)
on which basis Eq. (5) is derived (see also Verbunt & Zwaan
1981). Based partly on observational work, Stepien (1995) de-
rived a new magnetic braking law which smoothly matches the
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Skumanich-law for wide systems to the dependence obtained by
Rucinski (1983) for short orbital period systems (<∼ 3 days):
˙JMB
Jorb
≃ −1.90 × 10−16
k 2R22
a2
M 2
M1 M2
e−1.50×10
−5/Ω s−1. (8)
Equation (5) and the formula above represent a strong and a
weak magnetic braking torque, respectively, and their relative
strength can be compared in e.g. Tauris (2001). For detailed in-
vestigations and reviews on the magnetic wind and the brak-
ing torque, see e.g. Eggleton (2001), van der Sluys et al. (2005b)
and Knigge et al. (2011), and references therein. In our work
presented here, we have restricted ourselves to allow for a vari-
ation in the magnetic braking strength by varying the γ-index in
Eq. (5). This was partially motivated by the results of the work
by van der Sluys et. al (see below) who applied Eq. (8) without
success.
5.2. Further evidence of an orbital period fine-tuning problem
As demonstrated so far in this paper, we have a problem with
modelling the formation of MSPs with He WDs in tight orbits.
From a closer look in the literature it is evident that there is in-
dependent support for this conclusion, and our numerical studies
are no exception from a more general picture.
van der Sluys et al. (2005a,b) investigated the evolution of
LMXBs with the aim of producing UCXBs within a Hubble
time. Using detailed modelling of LMXBs they concluded in
their first paper that only a narrow range of initial Porb and M2 is
able to result in parameters similar to those of observed UCXBs.
To solve this problem, in their second paper, they applied re-
duced magnetic braking to their models following the work of
Sills et al. (2000). The outcome was, however, that for less ef-
ficient magnetic braking it becomes impossible to evolve any
systems to UCXBs.
In addition, we can compare our results with the detailed
studies by Podsiadlowski et al. (2002) and Lin et al. (2011). In
the work by Podsiadlowski et al. (2002), no solutions are found
in their fig. 13. Only sequence d in their fig. 16 leads to a so-
lution. In fig. 5 of Lin et al. (2011), one can see that only a few
systems, out of ∼14 000 pulsar–WD binaries, are produced with
a detached low-mass He WD orbiting a pulsar with Porb < 15 hr.
The orbital period fine-tuning problem is also seen indirectly
in fig. 6 (right panel) of Jia & Li (2014) where a small relative
change in the initial Porb results in a large relative change in the
final MWD, i.e. ∆MWD/MWD > 30 ∆Porb/Porb.
A related problem is the question of truncating the RLO.
In their analysis of the formation of PSR J0348+0432,
Antoniadis et al. (2013) concluded that its existence requires a
finely tuned truncation of the mass-transfer process which is not
yet understood. (This system is investigated in our Paper III.)
It seems clear that there is evidence of a general problem of
reproducing tight-orbit pulsar binaries using current stellar evo-
lution codes. The converging LMXBs most often do not detach
but keep evolving with continuous mass transfer to more and
more compact systems with Porb ≤ 2 hr and ultra-light donor
masses M2 < 0.08 M⊙. In the few instances where fine-tuning
may lead to detachment at the right values of Porb and M2, the
donor star is typically too hydrogen rich to settle and cool as a
compact He WD. Instead the evolution may lead to formation of
a redback-like system (Roberts 2013; Chen et al. 2013) which
switches back and forth between being visible as an X-ray bi-
nary and an eclipsed radio MSP with a bloated companion (e.g.
Archibald et al. 2009; Papitto et al. 2013; Bassa et al. 2014).
All of the above-mentioned modelling of LMXBs has dif-
ficulties producing detached He WDs with Porb = 2 − 9 hr
(referred to in this paper as solutions). As demonstrated in
Section 4.2.1, this is in clear contradiction with observations
which show a relatively large population of such systems.
Although we were able to produce solutions for all choices of
M2 = 1.2−1.6 M⊙ and values of γ = 2−5, it seems to require an
unrealistic high degree of fine-tuning. Hence, we conclude that
apparently something is missing in the standard input physics
applied for LMXB modelling.
5.3. Irradiation effects, accretion disk instabilities and
circumbinary disks
Several effects may potentially affect the LMXB evolution, such
as irradiation of the donor star, accretion disk instabilities and
a circumbinary disk. As discussed below, we have neglected
these effects in our work presented here. Firstly, because in this
study we want to isolate the investigation of magnetic braking.
Secondly, it has been demonstrated that these effects are uncer-
tain and difficult to quantify for trustworthy modelling. We now
briefly discuss each of these effects.
During the LMXB evolution, a small part of mass lost from
the companion may be injected into a circumbinary disk, which
will exert tidal torques on the binary and extract angular mo-
mentum from the system (van den Heuvel 1994; Spruit & Taam
2001). In addition, feedback mechanisms caused by tides may
transfer angular momentum from the disk back into the binary
(Lin & Papaloizou 1979). Whether or not such a circumbinary
disk may act as a reservoir of orbital angular momentum which
potentially could stabilize and elucidate the orbital period fine-
tuning problem remains to be investigated. It is possible that this
loss of orbital angular momentum could lead to some of the in-
termediate systems in Fig. 2 to become solutions, rather than
ending above the grey shaded region.
Another (uncertain) aspect of LMXB evolution is the effect
of accretion disk instabilities (Pringle 1981; van Paradijs 1996;
Lasota 2001; Dubus et al. 2001; Coriat et al. 2012). These are
thermal-viscous instabilities resulting from a relatively large and
sudden local increase in opacity and viscosity of the disk ma-
terial at (critically) low mass-transfer rates. The high viscosity
leads to a sudden outburst in which the NS accretes at a much
higher rate. Outbursts are alternated by low-viscosity stages dur-
ing which the disk builds up again. Stable behaviour can only
persist if the entire disk has a homogeneous degree of ioniza-
tion. In our work, we have partly compensated for this effect by
choosing a small NS accretion efficiency (Section 3.2). It is pos-
sible, however, that during these outbursts (where | ˙M2| > ˙MEdd)
some material is fed into a circumbinary disk which may af-
fect the orbital angular momentum of the system, as mentioned
above.
There is, in addition, the effect of irradiation feedback on the
long-term evolution of a close-orbit binary (e.g. Bu¨ning & Ritter
2004; Ritter 2008; Dubus et al. 1999). The impact and the mod-
elling of this effect, leading to cyclic accretion, is still unclear
and also not included in the present study. Recent work by
Benvenuto et al. (2012) on the evolution of UCXBs suggests that
the inclusion of irradiation feedback is not very significant for
the secular evolution and thus the final properties of these sys-
tems. This is in agreement with Nelson & Rappaport (2003) who
found that the effect of excess bloating due to X-ray irradiation
is small (however, see also Podsiadlowski 1991). Irradiation ef-
fects by the pulsar wind (Tavani & Brookshaw 1992), however,
possibly in combination with tidal dissipation of energy in the
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envelope, may cause a companion star to be thermally bloated.
This may lead to evaporation and eclipses of the observed radio
signals as seen in many narrow-orbit MSP systems. In the case
of PSR J2051−0827 one can even measure the effects of grav-
itational quadrupole moment changes (Lazaridis et al. 2011),
which affect the orbital evolution in a semi-cyclic and poorly
understood manner that may also be applicable to close-orbit
LMXBs (Applegate & Shaham 1994; Lanza & Rodono` 1999).
6. Conclusions
The main results are summarized as follows:
i) We have applied a detailed stellar evolution code to model
the evolution of ∼ 400 close binaries containing a NS and a
low-mass main-sequence star. We evolved the systems to the
LMXB phase with the purpose of reproducing the observed
MSPs hosting He WD companions in tight orbits with Porb ≃
2 − 9 hr. Using a standard prescription for orbital angular
momentum losses via magnetic braking we can reproduce
the observed systems for a large initial parameter space of
donor star masses, NS masses, NS accretion efficiencies and
magnetic braking index values.
ii) However, from an analysis of our modelling we find that a se-
vere fine-tuning is required for the initial orbital period of the
LMXBs in order to reproduce these observed systems. Based
on a comparison to observational data of binary pulsars, we
argue that such a fine-tuning is unlikely. We refer to this is-
sue as the orbital period fine-tuning problem. We find further
support for this problem from earlier independent studies in
the literature. We conclude that something needs to be mod-
ified or is missing in the standard input physics of LMXB
modelling.
iii) We have demonstrated that the (MWD, Porb)–relation is, in
general, also valid for binary pulsars with He WDs having
Porb < 2 days, although with an expected large scatter in
He WD masses between 0.15 − 0.20 M⊙. This conclusion is
based on a combination of our theoretical modelling as well
as recent observational data.
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